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Particulate process modeling is critical for system design and control used widely in 
the chemical industly. Previous methods have focused on the assumption of appropriate 
models that can capture system behavior. A new technique presented is based on view- 
ing the population balance from an inverse problem perspective that allows to determine 
appropriate models directly from experimental data. Under suitable assumptions (de- 
terministic growth rate, no aggregation), the population balance equation may be solved 
by the method of characteristics, which associates the number density for any size at any 
time with a single point from the initial or boundary condition. The key to using this is 
the recognition that these characteristics correspond to the size history of individual 
particles and can be associated with constant cumulative number densities (quantiles) 
of the population. These quantiles are easily identifiable from experimental data. The 
variation of size and number density along these characteristics provides decoupled 
equations used to determine the growth rate. Validity of the determined growth law is 
checked by the collapse of the experimental data onto initial and boundary conditions. 

Introduction 

The value of the products is affected by the particle-size 
distribution (PSD) in a number of ways. Properties that de- 
pend directly on the distribution can be of key importance in 
preventing segregation in consumer particle mixtures, pro- 
ducing coatings with desired mechanical (coverage/stickiness) 
and optical (gloss, brightness) properties, controlling the sur- 
face reaction or dissolution rate (total alkalinity of lubricant 
additives, dosage rate of pharmaceutical particles), and con- 
trolling the rheology of formulated products. The size distri- 
bution also affects the dynamics of other key variables in re- 
actors, especially crystal purity and habit. Finally, the PSD 
affects cost of processing, affecting transfer speed, and espe- 
cially filtration rates, a large component of powder process- 
ing. 

Particulate systems involve individual particle phenomena 
such as aggregation, breakage, nucleation and growth, cou- 
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pled through continuous phase reactions and transport. Un- 
derstanding the inherent complexity in these systems is es- 
sential for the construction of appropriate models. Many ap- 
proaches are often either oversimplified and unable to cap- 
ture essential system dynamics, or complex beyond the avail- 
ability of experimental data. The approach pursued here is a 
gray-box approach, recognizing the full population balance 
model structure, but treating individual particle processes as 
unknown functionalities to be determined through modeling. 

Current modeling of particulate processes can be sepa- 
rated into classes: first principles, black-box, direct observa- 
tion, parameter estimation, and inverse problem techniques. 
These have various strengths and weaknesses that will be in- 
vestigated in turn. We will see that these methods do not 
provide for the elucidation of fundamental system behavior 
directly from experimental data. 

The physics literature is especially rich in first principle 
models for growth, nucleation, and aggregation. Prevalent 
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growth models include diffusion limited growth, spiral dislo- 
cation growth, and surface polynucleation (House, 1981; 
Nielsen, 1984; Taiet et al., 1992). Nucleation models include 
primary nucleation as the formation of 1-mers, 2-mers under 
dynamic equilibrium conditions (G6mez-Morales et al., 19961, 
“embryonic” secondary nucleation, and attrition (Jager et al. 
1991). Aggregation models include Brownian motion, laminar 
shear (Smoluchowski, 19171, turbulent diffusion, and turbu- 
lent inertia models (Bramley et al., 1996). While collision fre- 
quency is often predicted, the effectiveness of these collisions 
is not. Another possible reason for the limited predictive ca- 
pability of these models is that many mechanisms occur si- 
multaneously, leading one researcher to conclude about more 
successful empirical models that, “Little success has been 
achieved in relating the variables to specific theoretical 
mechanisms” (Randolph and Larson, 1988). The poor predic- 
tive capability has led to semi-empirical corrections and cor- 
relations to bridge the gap between practicality and deep sys- 
tem understanding. 

Some techniques for identification of general empirical 
models have been applied to particulate systems. Specifically, 
Jager (Jager et al., 1992) has identified linear auto-regressive 
exogenous (ARX) models for crystallization systems. Rohani 
(Rohani et al., 1999) added nonlinear neural networks for a 
crystallization system with size-independent growth, no 
breakage or aggregation, and purely primary nucleation. By 
not considering individual particle behavior which depends 
only on local effects, these models are not portable across 
experimental systems and provide little extrapolative power. 

The most direct method to evaluate particle kinetics is to 
track individual particles and observe their behavior. Growth 
of crystals on a window has been studied optically by DeLong 
(DeLong and Briedis, 1985) and for proteins by Pusey (Pusey 
and Marshall, 1986). Earlier, Dove studied calcium carbonate 
in situ with scanning force microscopy (Dove and Hochella, 
1993). Optical observation of particles in situ is being done by 
Rawlings and Patience (1999). Direct observation has great 
advantages by providing direct knowledge of the individual 
particle processes, allowing simultaneous study of all the ef- 
fects. However, these techniques often require experimental 
conditions far removed from the conditions of interest, and 
can require substantial amounts of data to characterize indi- 
vidual particle processes. 

First principle models may be abstracted into semi-em- 
pirical models by allowing key parameters to vary. Nonlinear 
optimization can be used to simultaneously determine pa- 
rameters for growth, nucleation, and aggregation from exper- 
imental data. Models capable of capturing the underlying be- 
havior must exist and be chosen for this to succeed, so often 
the broader class of empirical models is also used. Choices 
for the models can be found in Jones (Jones et al., 1986) and 
Eek (Eek et al., 1995). There are many applications to experi- 
mental systems (Franck et al., 1988; Jager et al., 1991; 
Matthews et al., 1996). Often many models are considered, 
optimized for the data, and compared, with the most success- 
ful retained (Bramley et al., 1997; 1996). 

Inverse problems arise mathematically when the solution 
to a differential or integro-differential equation is known, but 
phenomenological functions in the model are not. While ana- 
lytic solutions to these problems can be derived in a number 
of cases, these problems are often ill-conditioned, and noise 

and discretization of experimental measurements obviates 
approximate numerical methods. Inverse problem methods 
are particularly attractive in the absence of a pn’ori knowl- 
edge of appropriate forms for particle dynamic laws, since 
the form can be determined directly from the experimental 
data. Besides, they can also serve to access the veracity of 
candidate physical models since the result can be compared 
with the model forms. Inverse problem solution techniques 
for population dynamics have been long pursued by Ram- 
krishna and coworkers (Ramkrishna, 2000), including the use 
of self-similarity to determine aggregation (Wright and Ram- 
krishna, 1992) and breakage (Sathyagal et al., 1995) laws. 

In a steady-state mixed-suspension, mixed product removal 
reactor (MSMPR), solution of the PBE for the number den- 
sity n(1) in the absence of aggregation or breakage gives 

where 0 is the space-time of the MSMPR, 1 is a characteris- 
tic particle dimension, and G(1) is the growth rate of a parti- 
cle of size 1. This explicit solution allows G(1) to be extracted 
from n(1) by a transformation given by Sikdar (1997). This 
gives a size-dependent growth rate directly from the data, free 
from assumptions about the functional form, though informa- 
tion is gained from only about one set of conditions per ex- 
periment. 

While this technique is very restrictive, it suggests that a 
parallel technique for a wider range of experimental systems 
(batch, semi-batch, or continuous) might be developed, allow- 
ing the direct use of experimental data. Before we examine 
this promise, some preliminaries are in order. 

Population Balance 
The population balance is the formal relationship between 

the evolving particle size distribution and the dynamics of in- 
dividual particles. We consider here a spatially homogeneous 
(well mixed) particulate system characterized by a single par- 
ticle dimension, and evolving due to the deterministic pro- 
cesses 

(2) 
W L t )  4 G ( l , Y ) n ( l J ) l  = b( l , n , y )  + 

dt d l  

G(1,y) is the growth rate of an individual particle of size 1 
and y is the collection of continuous phase variables that 
affect particle dynamics. The net rate of the birth of particle 
size 1 is given by b(l,n,y). This term includes the effects of 
aggregation, breakage, and flow across the system bound- 
aries, and may depend on the entire particle-size distribu- 
tion. 

Nucleation defines the boundary condition for the popula- 
tion balance equation 

b d t l  n(0,t)  = ~ 

G(0,Y) 
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where b,[t] = b,(n(t),y(t)) is the nucleation rate. This is a 
balance between the rate of nucleation, and the particle flux 
due to growth in phase space. 

As this article focuses on particle growth, we have chosen 
particle diameter as the characteristic dimension. Alternative 
equivalent formulations may be used that use particle volume 
or other quantities. Choosing particle volume leads to singu- 
larities when evaluating particle growth at near zero sizes, so 
length is preferred here. 

Complete models for these systems require models for the 
particle processes of growth, nucleation, and aggregation, if 
present. Additionally, any continuous phase dynamics due to 
chemical reaction must be known. We will focus here on the 
determination of the growth rate G(1,y) exclusively. 

Inverse Problem Approach 
The size- and time-dependence of particle growth are 

sought directly from experimental data without prior assump- 
tion of functional dependence. The inverse problem frame- 
work allows this to be done in the context of the entire popu- 
lation, that is, from experiments conducted under the condi- 
tions of interest, population dynamics can be reconciled with 
the laws that dictate individual particle behavior, which may 
be influenced by the surrounding population. This effective 
behavior is determined by solving the inverse problem. 

As an initial step in the determination, nucleation and 
growth are considered to vary generally with time rather than 
with the continuous phase variables y ( t ) .  This preserves gen- 
erality, but requires a second step to determine the exact 
functional dependence on y. In practice these steps may be 
combined for the best numerical flexibility, but conceptually 
it is simpler to view it as a two step process. For each experi- 
ment then, the growth rate may be represented as a velocity 
field G[l,t]= G(l,y(t)). 

The application of an inverse problem benefits from ex- 
plicit analytic or approximate solutions. The population bal- 
ance can be reduced analytically with a method of character- 
istics. The characteristics of the solution are the trajectories 
along which the individual particles move, given by L( t )  satis- 
fying dL/dt = G[ L,t] with initial condition L(t,) = I ,  stem- 
ming from either the boundary condition or initial condition 
for the original PBE. States traceable to the initial condition 
have to = 0 and l,, > 0, those evolving from the boundary con- 
dition 1, = 0 and to > 0. The separatix is the boundary be- 
tween these two types of states and is the characteristic cor- 
responding to to  = 0, 1, = 0. The solution corresponding to a 
given initial condition will be denoted as L(fllo,f0). Using this 
transformation, the PDE is reduced to 

where D/Dt represents the total derivative along the velocity 
field G[l,t] 

The solution to Eq. 3 along the characteristics is 

In using this solution for the forward solution, each (1,t pair 
must be traced back to an original (&,> corresponding to 
either the initial (lo,O) or boundary (O,t,) condition. This so- 
lution shows two effects: a growth effect and a dilation effect. 
The growth effect comes from the fact that n(l,t) is directly 
related to n(lo,to) that the particle experienced at an earlier 
time, either from the initial or boundary condition. This 
number density is attenuated by a dilation related to the inte- 
grated divergence of the velocity field. 

The separation of the two effects is clearer if separable 
growth is assumed 

(4) 

where G,[t] contains implicit dependence on y(t). If super- 
saturation is the only dependence, it may be expressed G,[t] 
= G,(a). The assumption of a separable growth rate is con- 
sistent with the literature for a wide range of crystallization 
and precipitation systems, and will be continued throughout 
this discussion. The solution under these conditions simpli- 
fies considerably and separates the growth and dilation ef- 
fects. The function L(tll,,t,) is given implicitly by 

and the solution along these characteristics explicitly by 

Note that the dilation effect is entirely captured by the size- 
dependent part of the growth rate G,(I) and the quantity 
Gi(I)n(l,t) is conserved along the characteristics. The conser- 
vation of this quantity may also be derived directly from the 
PDE. 

These analytic results pertain to the evolution of number 
density along the characteristics. However, the characteristics 
themselves depend on the particle growth rate. Fortunately, 
under many conditions the characteristics can be determined 
directly from the data. Constant ordering and known particle 
birth rate are required. 

Constant ordering is achieved under conditions of deter- 
ministic growth rate (any two particles of the same size ex- 
posed to the same conditions grow at the same rate-true for 
the growth laws discussed here) and well-mixedness (all parti- 
cles experience the same conditions). Consider two particles, 
initially I ,  > 1, at t = 0. If, at some time later, 1, > I ,  at time 
t,, violating constant ordering, continuity requires that at 
some intermediate time 0 < t < t,,l, = 1,. However, at this 
time the particles would have had the same growth rate, a 
condition that they would keep thereafter, causing contradic- 
tion. Therefore, under these conditions, constant ordering is 
maintained. 
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If b(l,n,y) is identically zero, a particle initially the Nkth 
largest in the distribution remains the Nkth largest, corre- 
sponding to the kth quantile of the distribution. This can be 
found each time by integrating the distribution, and the loca- 
tion of this particle identifies a characteristic 

However, if b(l,n,y) is non-zero but known, the number of 
particles larger than the particle is not constant, but can be 
determined by a correction 

Nk(t )  is the cumulative over number density corresponding to 
a particle at lk ( t ) .  Due to the choice of constant cumulative 
oversize, the birth of particles of zero size does not enter into 
this correction. Thus, the nucleation rate b, does not need to 
be known, which simplifies the application since newly nucle- 
ated particles are difficult to measure. 

Equation 8 is generally implicit since lk(t2) is not known 
until Nk(t , )  has been found. These can be found simultane- 
ously. In the case of batch, semi-batch, or continuous systems 
with well-mixed product removal, there is possible volume 
change and no aggregation, b(l,n,y) = - a(t)n(l,t) yielding 
an explicit formula 

Once these corrections have been applied, the remainder of 
the procedure is identical to the case in which b = 0, which 
will be assumed. Note that this requires the dependence of 
aggregation and breakage to be known. The curves of 
corresponding to Nk(t )  are quantiles of the distribution. Ap- 
pendix A confirms that the locations of quantiles behave as 
underlying particles of the same size. 

These results suggest a procedure for determining particle 
growth kinetics. First, experimental data is "counted" to de- 
termine the location and number density of quantiles. Sec- 
ond, the number density and particle size along the charac- 
teristics are used with analytic solutions from the method of 
characteristics to find G[l,t]. 

In the absence of measurement error, this technique can 
be applied directly to arbitrary precision using a graphical 
technique, as demonstrated in the next section. However, ap- 
plication to real data is limited by measurement technology 
which introduces error from sensor noise, sampling variation, 
and discretization of the particle-size range. With real mea- 
surements, graphical techniques can be dominated by error, 
requiring a more robust numerical technique. 

Reducing the infinite dimensionality of the unknown to a 
finite number of unknowns is accomplished by the expansion 
of the unknown growth law in a set of basis functions. If ap- 
propriate functions are known a priori, they may be used, but 

in this case we will use local Hermite cubic basis functions 
allowing that different mechanisms may dominate in differ- 
ent size regions. Note that the framework may also be used 
for parameter estimation in an assumed growth law. 

The variation of the number density along the characteristics 
is used with the conserved quantity of Eq. 6 to provide the 
system of equations 

where q is the total number of quantiles tracked. This pro- 
vides a large number of equations which can be used in the 
determination, although care should be given to maintain in- 
dependence of the chosen equations. As there is likely little 
variation in number density between measurements adjacent 
in time, use of these equations would result in a large relative 
error in the difference and a high sensitivity to system noise. 
Instead, a number of intervening time intervals are skipped, 
based on the amount a characteristic has grown, choosing A j 
such that l,,,,,, - l j ,k > Almin.  Note that A j  varies with j and 
k in keeping with the local growth rate. This leads to the 
construction of a number of residuals 

Coefficients of expansion n, that minimize the residuals are 
sought. Applying the expansion directly gives 

These equations are concisely written by letting 

then 
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The minimization of residuals occurs at a = 0. This is a relic 
of choosing a degenerate expansion for the growth law. Fix- 
ing the product G,(I)G,[t] leaves a free multiplicative con- 
stant in each factor. To avoid this problem, one entry in a is 
forced to unity. This is repeated with another choice, and A1 
is chosen based on the agreement of the results. A linear 
least-squares determination is used for the remaining coeffi- 
cients. Regularization can be applied at this point, but has 
not been necessary to date. 

The determination if ai has fixed G,[l), leaving determina- 
tion of the time dependence (G,[t]). Applying Eq. 6 for the 
location of each quantile k 

These equations form an overdetermined linear system in the 
coefficients of expansion bi. Known constraints can be ap- 
plied to this determination, such as growth and nucleation 
rates increasing monotonically with supersaturation. There is 
no free constant since G,(1) is already determined. 

Model validation rests on the agreement of predictions and 
experimental results. In particulate systems governed by Eq. 
2, this prediction requires the initial and boundary condi- 
tions. These two steps can be combined into one. As the en- 
tire data record from each experiment arises from the initial 
and boundary conditions according to Eq. 3, each measure- 
ment can be traced back to either the initial or boundary 
condition using the determined growth law. The collapse of 
these measurements onto the same master curve is equiva- 
lent to the prediction of the data, and the dispersion of the 
collapse is due to experimental or model error. This allows a 
verification of the model assumptions (deterministic separa- 
ble growth law, and so on), and also gives the initial and 
boundary conditions more accurately than using the experi- 
mental data nearest to those conditions. These conditions can 
be used subsequently in the determination of nucleation laws. 

The application of this procedure will be shown through 
the use of two examples. The first is a simple numerical ex- 
ample without measurement discretization or noise and will 
be approached using a graphical technique. This shows how 
the evolution of number density along the quantiles can be 
tied directly to the underlying individual particle growth law. 
The second example treats a more realistic example where 
error due to measurement is included. This also shows the 
subsequent determination of supersaturation dependence. 

Numerical Example 
The principles behind the theoretical development may be 

clarified with the use of a numerical example. Figure 1 shows 
snapshots of a system evolving according to the laws 

G,I = 1 + 1/6 

2 

G , [ t ] = J ( l + e - r p )  2 

n(Z,O) = 1 - I 

Particle Size 

time for the numerical example. 
Figure 1. Simulated number density as a function of 

n(0,t) = 0 

Determining the evolution of the locations of the quantiles 
of this distribution is straightforward. Figure 2 shows the cal- 

culated number oversize, n(l’,t)dZ’ along each of the mea- 
surements. By taking slices at constant values of the integral, 
the characteristics are determined. These correspond to the 
growth trajectories of individual particles, and are plotted in 
Figure 3. 

Once the quantiles are extracted, the number density along 
each of these characteristics is examined. Since the righthand 
side of the relationship n(l,t)/n(lo,to) = G,(Z)/G&) is the 
same for all particle trajectories, plots of n(L,t )  vs. 1 should 
differ by only a multiplicative constant, and be proportional 
to l/G,(Z). This is borne out in Figure 4. This suggests the 
construction of GI from the reciprocal of these graphs. 

JX 

Figure 2. Integrated number density with lines of con- 
stant number oversize for numerical example. 
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0.2 0.4 0.6 0.8 1 .~ 

Time 

Figure 3. Location of characteristics obtained by pro- 
jecting lines of constant number oversize onto 
the t -1 plane from numerical example. 

Once G, is determined, the amount of particle growth can 
be used to determine G,. In Figure 5,  the quantity 

is plotted as a function of time by computing the first integral 
of the now known size dependence. Notice that all of the 
curves collapse onto a single curve, the derivative of which 
gives precisely the time dependence of growth. 

While illustrating the underlying principles and producing 
effectively infinite dimensional results, this graphical tech- 

L al 

o . 2 ~  OO 1 2 Size 3 4 5 

Figure 4. Number density along characteristics, plotted 
along with the reciprocal of the growth rate 
law (dashed) = i /G,( / ) .  

986 

Figure 5. Collapsed curves obtained from (d/ Gl ( l ( t ) )  

with I(t) along the extracted characteristics. 

This is equal to I;I(G,[t’]dt’. 

nique is impractical in practice due to measurement and pro- 
cess noise. The operations of collapsing curves along charac- 
teristics and differentiating the time curve become ill-condi- 
tioned. For a practical application, the numerical approach 
described above may be required. 

Application to Precipitation System 
This example follows the application of the technique to a 

simulated precipitation system. The “raw”data shown in Fig- 
ure 6 were generated using Galerkin’s method on finite ele- 
ments with the growth law given by 

1 1  
2 27T 

G ( l , ~ ~ ) = ~ ~ ’ [ l - ~ e x p [ - ~ ) ] [ - - - a r c t a n (  1 711 

15 

Figure 6. Discretized simulation data for precipitation. 
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Figure 7. Quantiles (characteristics) obtained from con- 
stant over cumulative numbers from Example 
2. 

The growth law displays deviations from constant size de- 
pendence both at small and large sizes. The deviation at small 
sizes mimics the behavior postulated by Abegg et al. (1968) in 
explaining observed growth rate deviations at low sizes. An- 
other deviation applies to large particle sizes based on a 
model for particle attrition by Jager et al. (1991). 

To simulate more realistic measurement data, the solution 
was distcretized in size and time and each data point was 
corrupted with normally distributed noise with a standard de- 
viation of 3% of the mean. 

The number of quantiles tracked ranged from 28 at the 
beginning of the simulation to 43 at the end. The number 
was chosen as approximately half the number of measure- 
ment points covered by the distribution. Quantiles closer in 
size than the discretization width will provide no additional 
data, and since two quantities are computed from each quan- 
tile (the size and number density), additional quantiles are 
unnecessary. Figure 7 shows the location of these quantiles. 
With nucleation, it is clear that only by counting down from 
large particle sizes will the same particles be found. Note also 
that characteristics corresponding to over 100% of the origi- 
nal population are included which trace back to the boundary 
condition of newly nucleated particles. 

For expansion of G[(l), the sue-dependent portion of the 
growth law, Hermite cubic basis function with node points at 
1 = (0,3.33,6.67,. . . ,16.67) were chosen for ten unknown coef- 
ficients of expansion. The minimum limit of separation, Al,, 
= 2 was chosen using two criteria. First, it is over half the 
size discretization of the trial functions so that the residual 
equations relate different unknown coefficients of expansion. 
Second, this value gives the best agreement between solu- 
tions computed selecting different coefficients to be unity. 
These choices result in an overdetermined system of 422 
equations, the residuals of which are minimized with no fur- 
ther weighting. The resulting growth law is shown in Figure 
8. When compared with the simulated growth law, error is 
evident with increasing particle size due to the few particles 
that attained this size in the data record. 

0.2t - Extracted Growth Law - - - True Growth Law 

I 

4 6 8 10 12 14 
Particle Size, I 

Figure 8. Determined and true size-dependent growth 
law from Example 2. 

Hermite cubics were again chosen for the time-dependent 
growth law, with nodes placed at t = 0,.015,.03, for six un- 
known coefficients. Integration of the reciprocal of the deter- 
mined size dependence and the trial functions are used to 
compute the residual equations. A total of 1,126 equations 
are generated, and optimized giving the results in Figure 9. 

From this determination of the growth rate as a function of 
time to dependence on other quantities is a straightfonvard 
step. Figure 10 shows the growth rate plotted against an in- 
dependently measured supersaturation. While this two-step 
procedure is the most general, data from multiple experi- 
ments are more easily reconciled if estimates of the variables 
affecting the driving force are available, replacing in 
Eq. 16 with +ki[y] (qj [u])  and interpolating y (u )  between 
measurements. For a multidimensional system where the key 
variables are unknown, direct knowledge of G,[t] may be 
more useful. 

- Extracted Growth Law - - - True Growth Law 

C 

(u 

E 100- 
F 

'0 O.dO5 0.bl 0.015 0.02 0.025 0.03 
Time, t 

Figure 9. Determined and actual time-dependent growth 
law for Example 2. 
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Figure 10. Time-dependent growth law plotted against 
measured supersaturation (3% noise added) 
for Example 2. 

In practice, the true growth laws will be unknown so the 
determined growth laws are verified by prediction of the 
measured data based on solution of the population balance 
equation. Before this can be done either analytically or nu- 
merically, both the boundary and initial conditions are re- 
quired. These could be fitted with basis function expansions 
in a similar manner to the growth law, but a combined ap- 
proach allows simultaneous verification and construction of 
the initial and boundary conditions. The analytic solution of 
the method of characteristics is used, but beginning with each 
measured distribution and solving for the solutions at size 
zero and time zero. These are plotted individually in Figures 
11 and 12. The collapse agrees with the initial and boundary 
conditions used for simulation, but the evaluation of the 
growth law comes from the collapse onto single curves. This 

l l  1.4 

- - - True Rate 

Particle Size 

Figure 12. Simulated measurements extrapolated to 
time zero to obtain initial size distribution, 
plotted with true initial condition for Example 
2. 

collapse gives both the values of the initial distribution and 
nucleation rate, and the scatter corresponds to  the ability to 
predict the measured data. The measurements have been ef- 
fectively projected onto common axes. 

The determined boundary condition gives the nucleation 
rate directly, and can be used in further modeling to deter- 
mine primary or secondary nucleation laws. 

Conclusions 
We have presented a technique for the determination of 

deterministic growth laws directly from experimental data. 
This technique uses experimental data to  determine the un- 
derlying growth laws, both qualitatively and quantitatively, 
which was information previously unavailable from general 
experiments. 

This determination of general dependency can be used for 
a number of purposes. The most obvious is a direct empirical 
model, but independent choice and verification of candidate 
models is powerful, being able to define the range over which 
models hold, This can also give insight into the underlying 
physical behavior, as a direct model makes it more likely that 
dependences relating to complementary mechanisms will be 
identified. 

While a direct empirical model with local basis functions 
does not suggest extrapolation to unmeasured particle sizes, 
the subsequent identification of the law with basic mecha- 
nisms does allow extrapolation. Comparison with the under- 
lying law also suggests the quality that may be obtained from 

Finally, general models allow a better understanding of the 
underlying physics. Having available the form of a size-de- 
pendent growth law may suggest and motivate the develop- 
ment of laws for new mechanisms and improve the under- 
standing of particulate systems. 

I extrapolation. 
O3 

Figure 11. Simulated measurements extrapolated to 
size zero to obtain nucleation rate plotted 
with true nucleation rate for Example 2. 

Time 
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Notation 
a, = coefficients of basis function expansion for G I ( / )  

h(l,n,y)= net production rate of size l particles, particles/m/m3/s 
h,[t] = nucleation rate, particles/m3/s 

G(l ,y )  = individual particle growth rate, m/s 
G[l,t]= individual particle growth rate, as an apparent function 

G,(O = size-dependence of degenerate growth rate 
G,[t] = time-dependence of degenerate growth rate 

I,(t)= size of particle corresponding to quantile k at time t ,  m 
l,,k = extracted location of quantile k at j th measurement, m 

L(tll,,,t,,)= particle size along the characteristic defined by to and I,, 

of time, m/s 

1 = characteristic particle length, m 

m 
n = length based number density, particles/m/m3 

n ,k  = number density at lj,,+ and t j ,  particles/m/m3 
N,( t )  = cumulative over number density corresponding to quan- 

chosen for size ex- 
tile k ,  particles/m3 

pansion 
p =  total number of basis functions, 

y = number of chosen quantiles 
= residual from dilation effect corresponding to quantile j 

at measurement k 
t = time, s 

t =time of j th experimental measurement, s 

y = vector containing continuous phase variables, such as su- 

z =  total number of basis functions, $!, chosen for time ex- 

cu(t)= reciprocal of the space time in a continuous system (not 

4 j = difference in time measurements used for computing an 

41 = difference in length measurements used for computing 

6 = space-time of a continuous system, s 
u= supersaturation, dimensionless 

+ , ( I ) =  basis functions for expansion of G,(l)  

$,(I)= basis functions for expansion of G,[t] 

[t j= denotes an apparent general time dependence 

persaturation, (r 

pansion 

necessarily at steady state), s-’ 

individual residual rJ,k 

residuals rJ,k 

+,,k = vector if +, evaluated at lJ,k 

i = index for basis functions 
j = index for measurement times 
k = index for chosen quantiles 
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Equivalence of Quantiles and Characteristics 

stant Nk 
The location of the kth quantile 1 k ( t )  is such that for con- 

m 

Taking the time derivative of both sides gives 
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Where i,(t) = dl,/dt. Substituting the population balance 
d n / d t  = - d/dl[G[l,t]n(l,t)] from the population balance and 
simplifying 

Since the rate of change for the location of the quantile is 
identical to that of a particle of the same size, and this rate 
does not vanish, the quantile moves exactly as a particle of 
the same size. 

i k ( t )  = G( l k ( t ) , t )  (20) Manuscript receiwd Oct. 31 ,  2000, and revision receiwd Aug. 20, 2001. 
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